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In a previous work of ours, the most general family of Kerr deformations—admitting a Carter
constant— has been presented. This time a simple, necessary and sufficient condition in order for the
aforementioned family to have a separable Klein-Gordon equations is exhibited.
MSC-Class (2020): 83B05, 83C20, 83C57, 83D05, 83F05
PACS-numbers (2010): 04.50.Kd, 04.70.Bw, 04.25.Nx, 04.30.-w, 04.80.Cc
I. INTRODUCTION
During the last years an ever increasing interest on alternative variants of Black Holes (BHs) has been observed.
The interest on BHs is due to not only their unique structure comprising the most extreme gravitational fields known
to exist, but also their involvement in the evolution of small and large scale structures on the universe. Indeed, the
extreme gravitational fields in their vicinity make them the ideal candidates for performing tests in strong field
regime. One may test not only a given quantum gravity theory, but also the uniqueness of the solutions for BHs in
General Relativity (GR). If, for instance, the uniqueness of the Kerr BH is compromised then the GR, as a whole, is
under question. Thus alternative variants of BHs can lead to proposals for either alternative theories for gravity (cf.
references in [1]) or variants of the well known general relativistic metrics such as the Kerr space –see e.g., [2]. These
studies have been boosted by the detection of gravitational waves [3, 4] and the HORIZON results [5, 6] which are
providing promising tests of the aforementioned claims.
The great progress made during the recent years in astronomy (electromagnetic, particle and gravitational) has
transformed the study of BHs from (an initially) pure academic problem into a viable and promising (both at the ob-
servational and the experimental level) research. Various theoretical models, trying to phenomenologicaly interpret
the observations by LIGO/VIRGO along with the expected ones from LISA, spring out massively in the literature
[7–9]. In principle, there are two approaches in those works; the studies are made either within the framework of a
new theory for gravity (like, e.g., the f (R) theory, Scalar-Tensor theories, etc) or in the context of a more pragmatic
—but still theory agnostic (like e.g., a smooth deviation from the mathematical ideal of the Kerr solution)— approach
to GR.
In both approaches, thus far, the current trend to be found in the literature is to begin with the assumption of
a (mathematically convenient) phenomenological form for the metric suitable for modelling the astrophysical im-
prints of the source, but not (necessarily) always susceptible to some deeper analytical feature –like, for instance, the
separability of a given family of equations like the wave equation etc.
In an earlier work [1] we introduced a simple and theory agnostic family of metrics which not only re-
parameterises but also generalises many well know asymmetric metrics to be found in the literature. The novel
feature of this metric is the admittance of an extra integral of motion for the corresponding geodesic equations; the
well known Carter constant [10].
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2The metric tensor field introduced in [1] reads:
gab =
1
A1 + B1


A2 0 0 0
0 B2 0 0
0 0 A3 + B3 A4 + B4
0 0 A4 + B4 A5 + B5

 (1)
where the functions Ai depend on r (i.e., “radial functions”) and the functions Bi depend on x ≡ cos(θ) (i.e., “angular
functions”), are such that the covariant metric be asymptotically flat. This metric, by construction, allows for the
existence of a second rank Killing tensor
Kab =
1
A1 + B1


A2B1 0 0 0
0 −B2A1 0 0
0 0 B1A3 − A1B3 B1A4 − A1B4
0 0 B1A4 − A1B4 B1A5 − A1B5

 . (2)
Actually the very existence of a Killing tensor is extremely important for it signals the formal integrability of the
geodesic (or Hamilton-Jacobi) equations (cf. next Section).
The effort for construction Kerr-like metrics has been initiated more than two decades ago, but the last ten years
many variations have been presented [2, 11–17], the properties of which are compared to those of the Kerr metric.
Predominantly, the interest has been related to theHamilton-Jacobi integrability and the Klein-Gordon (KG) equation
separability.
The following table shows a timely current state of affairs in the literature (only the most general results are
mentioned) regarding the various alternative deviations from the Kerr metric and the integrability (via separation of
the independent variables) of two important families of equations: the geodesics and the KG equation.
Metric number of existence of a Geodesics Klein-Gordon
free functions Killing tensor separability separability
J [2] 4 radial yes yes in general no
KSZ [15] 3 radial yes yes yes
S [16] 3 radial yes yes yes
CY [17] 5 radial + 1 angular yes yes in general no
PK [1] 5 radial + 5 angular yes yes in general no
TABLE I: Comparison of the most commonly used deformations of the Kerr metric. The acronyms and references are given in
the first column. The second column presents the number of assumed free deforming functions by each one of them, while the
third denotes the existence of a Killing tensor while the forth comments on the separability of the geodesic equations. The fifth
column, is the most relevant for the current work i.e., the separability of the KG equation.
At this point two remarks are in order.
First, it should be made clear that all the aforementioned, metrics [2, 15–17] are sub-cases of the PK [1] family of
metrics; ditto for the corresponding Killing tensors. 1
Second, barring the PK [1] metric, all the others —to some extent— are related to some theory (e.g., the J metric [2]
is a pragmatic extension of GR, etc). Indeed, a deformed Kerr metric can be obtained by two ways:
• either one implements the equivalent of a kinematical algorithm –something which does map solutions to the
Einstein Field Equations (EFEs) to other solutions (to the EFEs); like the S metric [16] where the author starts
1 In [17] a misunderstanding of the results published in [1] is apparent. More specifically, it is mentioned that according to [1] the Kerr-Sen metric
[18] cannot be mapped to the Johannsen metric [2] and that in [17] it is proven to be possible. The correct statement in [1] is that the Killing
tensor of the Kerr-Sen metric, which is of Petrov type I, is not induced by a Yano tensor –and thus, it is somehow more general than the rest of
the examples, which are of the Petrov type D. Never the less the Johannsen metric is —in priciple— of Petrov type I as well and contains much
freedom so that the Kerr-Sen metric can be considered as a member of the this family.
3with a non rotating solution to the EFEs, then exploits the Newman-Janis (complex) algorithm and ends up
with another solution (to the same theory, i.e., GR)
• or one considers a completely different metric, deviating smoothly from the Kerr solution, which has to satisfy
some field equations (e.g., the GR plus some perturbation of the energy-momentum tensor see, e.g., [19], [17]
and references therein)
On the contrary, the PK family of metrics [1] was constructed as a geometric object endowed with the maximum
number of free functions alongwith some specific geometric features (like the existence of a Killing tensor, something
very important for this leads to integrals of motion for the geodesic equations) without any reference to any theory.
Of course there is a price for this generality; e.g., not all members of the family are —in principle— physically
accepted; supplementary constraints like e.g., the energy conditions, have to be implemented when one considers
any member of this family.
In the present work a further step is made and a new family of metrics, we will call it PK-I family, is presented. The
new family is a subfamily of the PK one [1]. Indeed, the new family (PK-I) consists of the members of the previous one
(PK) obeying a necessary and sufficient condition (upon the metric functions) such that the Klein-Gordon equation
be separable.
It should be noted that classical references on the separability of the KG and its generalisation on the Kerr back-
ground are to be found in [10, 20, 21]. Also, in [22] a very interesting comparable analysis of the KG separability was
presented for various alternative phenomenological families of metrics.
In the following section a formal description of the PK-I (sub)family of metric spaces will be presented, based
solely on an implicit yet invariant criterion. An immediate yet fundamental application of this will be exhibited.
II. PK-I METRICS: FORMAL EXISTENCE AND AN APPLICATION
In general, separability structures are closely related to the existence of the so called (possibly hidden) symmetries;
a kind of physical degeneracy (e.g., cf. No¨ther’s theorem, and [23]). When it comes to gravitation the studies focus
mainly on the geodesic equations. Never the less, there are other equations of physical interest as well. Such an
example is the KG equation, which is also a very useful tool in observational physics. So it would be interesting
if one could somehow enhance the previous considerations —on symmetries and integrability— to the case of KG
equation.
Let assume the metric gab as it is given in (1). Then this metric has the fundamental property of admitting a Carter
constant. Indeed, let construct the scalar functional
I = Kab x˙
a x˙b (3)
with the Killing tensor obeying, by definition, the condition
∇(aKbc) = 0 (4)
then I is a constant of motion of the geodesics equations
x¨c + Γcabx˙
a x˙b = 0 (5)
since the combination of (4) and (5) leads to
I˙ = ∇cKab x˙ax˙b x˙c = 0 (6)
i.e., the last quantity vanishes by virtue of the geodesics and the Killing tensor definition.
Now the focus is on the Klein-Gordon equation for a scalar field Ψ on the background of the aforementioned
metric:
∇a∇aΨ = 0 . (7)
4A tedious yet straightforward calculation shows that this equation is susceptible to separation of variables if under
the Ansatz
Ψ(t, r, x, φ) = ei(mφ−ωt)X (r)Y(x) (8)
it holds that
∇a∇aΨ = 0⇒ Radial Part+Angular Part = 0 (9)
where (modulo overall factors)
Radial Part : A2∂rrX +
(
∂rA2 + A2∂rΩ
)
∂rX −
(
m2A3 − 2mωA4 + ω2A5 + λ
)
X = 0 (10)
Angular Part : B2∂xxY +
(
∂xB2 + B2∂xΩ
)
∂xY −
(
m2B3 − 2mωB4 + ω2B5 − λ
)
Y = 0 (11)
with λ denoting the separation constant, g the determinant of the metric tensor2, while the quantity Ω is identified
as
Ω = ln
( √−g
(A1(r) + B1(x))
)
. (12)
Now, it is obvious that the Radial and the Angular parts separate if and only if:
Ω = F1(r) +F2(x) (13)
where F1,F2 are supposed to be well behaved functions of their designated arguments. Just for reference, in the
case of the Kerr metric itself it is ΩKerr = 0 while in the case of the Kerr-Sen metric [18] it is ΩKerr-Sen = 1.
An interesting application of the previous consideration would be the counting of the maximum number of free
radial functions, when the angular functions are taken to be the Kerrian ones:
B1 = a
2x2 (14a)
B2 = 1− x2 (14b)
B3 =
1
1− x2 (14c)
B4 = a (14d)
B5 = a
2(1− x2) . (14e)
The necessary and sufficient condition, regarding Ω becomes a polynomial constraint, in the angular variable x.
The vanishing of the coefficients results in three free radial functions: A2, A3 and any of rest three (i.e., any one of
A1, A4, A5), as the desired maximum number. Actually, the three free functions are completely at one’s disposal,
while the rest two are related to those three. This result is in full agreement with the existing relevant attempts to be
found in the recent literature –cf. [15] and [16]. Indeed, for reference [15] it is:
A1 = r
2RΣ(r) (15a)
A2 =
a2 − rRM(r) + r2RΣ(r)
RB(r)2
(15b)
A3 = − a
2
a2 − rRM(r) + r2RΣ(r)
(15c)
A4 = −
a3 + ar2RΣ(r)
a2 − rRM(r) + r2RΣ(r)
(15d)
A5 = − (a
2 + r2RΣ(r))
2
a2 − rRM(r) + r2RΣ(r)
(15e)
Ω = ln
(
RB(r)
)
(15f)
2 The exact form of g is quite extended to be written here.
5while for reference [16] it is:
A2 = ∆(r) (16a)
A3 = −
a2
∆(r)
(16b)
A4 = −
aX(r)
∆(r)
(16c)
A5 = −X(r)
2
∆(r)
(16d)
Ω = ln
( a2x2 + A1(r)
−a2(1− x2) + X(r)
)
(16e)
and this time, A1(r) is a proper function such that the corresponding Ω be separable as a function.
III. DISCUSSION
In this short work, we have reported on those (sub)families of space times which constitute (smooth) Kerr defor-
mations endowed with the properties of
• admitting a Carter constant –something signaling the separability and the complete integration of the geodesic
equations
• allowing for the separability of the KG equation.
This (sub)family is given rather indirectly, through an invariant criterion, never the less the result itself is important
per se for, two simple reasons:
1. it confirms that for the Kerrian choice of radial functions, the maximum freedom of the radial functions is three
–something which not only confirms other, less general attempts in the recent literature but it inherits to them
a solid theoretical foundation.
2. it provides, the most general subfamily of those space-time smooth Kerr deformations which on one hand
admit a Carter constant and on the other hand the KG equation is separable with the freedom of (at most) ten
free functions obying a single constraint.
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